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1.  Write your Roll No. on the top immediately on receipt
of this question paper.

)
.

Attempt any two parts from each question.

3. All questions are compulsory.

1. (a) Let Ac R and c € R be a cluster point of A and
f: A— R, then define limit of function f at c.

' . X )\
Use £ — & definition to show that lim — =—.
: x—=l x+1 2

(6)

P.T.O.
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(b) Let f: A= R, Ac R and ¢ e R be a cluster

point of A. Then show that lim f(x)=L if and

X—>C

only if for every sequence (x,) in A that

converges to ¢ such that x_# c, Vne R, the

sequence (f(xn)> converges ‘to L. (6)

(¢) Show that lim sin (—1—) does not exist in R but

x—=0 X2
lim x2 sin [—lz—j =0. ' (6)
){—)O X

2. (a)Let Ac R, f:A—>R,g:A—>Randc €R be
a cluster point of A. Show that if { is bounded on

a neighborhood of ¢ and lim g(x)=0, then

X—>C

lim (fg)(x)=0. (6)

(b) 'Let f(x) = e'* for x # 0, then find lim f(x) and

x—0
lim f(x). (6)
x—0*
- (c) Let f: R —» R be defined as

2x 1f X is rational
f(x)= o £
x+3 if x is irrational -

Find all the points at which f is continuous.

(6)
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(a) Let A c R and let f and g be real valueq functmns
on A. Show that if f and g are continyoyg on A
then their pxoduct fg is continuous on A Also,
give examples of two functions f and g such thy

both are discontinuous at a point ¢ € A but thejr

product is continuous at c. (7%4)

(b) State and prove Boundedness Theorem for

continuous. functions on a closed and bounded

interval. ' (7%)

(c) State Maximum-Minimum Theorem. Let I = [a,b]
and f: I > R be a continuous function such that

f(x) > 0 for each x in I. Prove that there exists

a number o >0 such that f(x) 2 o for all x in

I. (7%)

' (@ Let Ac Rand f: A — R such that f(x) 2 0 for

all x € A. Show that if f is continuous at ¢ € A,
then «/f is continuous at c. (6)
(b) Show that every uniformly continuous function on

A C R is continuous on A. Is the converse true’
Justify your answer. (6)

“(c) Show that the functi‘on f(x)=—%, x#0 18

uniformly continuous on [a, ), for a > 0 but not

— u'niformly continuous on (0, ). (6)

p.T.O.
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5. (a)Let I ¢ R be an interval, let ¢ e I, and Jet
f: 1 - R and g: I —*R be functions that
are differentiable at c. Prove that if g(c) # 0,
the function f/g is differenti.ablc at n, and

= , (6)

(b) Let f: R — R be defined by f(x) = [x| + Ix + 1],
x € R. Is f differentiable everywhere in R? Find
the derivative of f at the points where it is
differentiable. (6)

(c) State Mean Value Theorem. If f: [a,b] —» =

satisfies the conditions of Mean Value Theorem

and f'(x) = 0 for all x € (a,b). Then prove that f
is constant on [a, b]. (6)

6. (a)Let I be an open interval and let f: ] > R have

a second derivative on I. Then show that f is a

convex function on I if and only if f'(x) > 0 for
all x e [, i (6)

(b) Find the points of relative extrema of the functions
f(x) =[x~ 1|, for -4 < x < 4. (6)

(¢) Use Taylor’s Theorerm with n = 2 to approximate
«./3]+x,,x>-1, (6)

(3500)
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{. Give short answers to the following questions. Attempt

any six.

(i) What is the total no of rotations and total no of

reflections in the dihedral group D,? Describe
them (rotations and reflections) in pictures or
words. What can you say about the total no of
rotations and total no of reflections in the dihedral

group D ?
(i) Give one non- trivial, proper subgroup of

GL(2, R). Is GL(2, R) a group under addition of

matrices? Answer in few lines.

(i) Let G be a group with the property that for any

a, b, c in G,

ab = ca implies b = c. Prove that G is Abelian.

(iv) Give an example of 4 cyclic group of order 5.

Show that a group of order 5 1s cyclic.
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(v) Prove that a cyclic group is Abclian. Is the

converse truc?
(vi) Find all subgroups of Z ..

(vil) Prove that 1 and -1 are the only two generators

of (Z,+). Give short answer in few lines.

(vili) “Z . neN, is always cyclic whereas U(n),
neN; n>2 may or may not be cyclic”.

Prove or disprove the statement in a few

lines. (6x2=12)

2. (a)Let G={a+by2 |aandb are rational nos not

both zero}

Prove that G is a group under ordinary
multiplication. Is it Abelian or Non-Abelian? Justify

your answer.,

P.T.O.
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('S ]

(b) Prove that a group of composite order has a non.-

trivial, proper subgroup.

(c) Prove that order of a cyclic group is equal to the

order of its generator. (2%6.5=13)

(a) Prove that every permutation of a finite set can

be written as a cycle or as a product of distinct

cycles. (6)

(b) () InS,, write a cyclic subgroup of order 4 and

a non-cyclic subgroup of order 4.

(i) Let o 1 23 456 7 8 q
1) Let a=
2486 751 3|

p=|l 23 45678
74518326
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write o, B and of3 as product of 2-

cycles. (3+3=6)

(c) (i) Let |]a| =" 24. How many left cosets of
H = <a*> in G = <a> are there? Write each

of them.

(ii) State Fermat’s Little theorem. Also compute

525 mod 7 and 11!7 mod 7. (3+3=6)

4. (a) (i) Let H and K be two subgroups of a finite

group. Prove that

HK < G if G, is Abelian.

(i1) Give an example of a group G and its two
subgroups H and K (H#K) such that HK is

not a subgroup of G. (3+3.5=6.5)

(b) (i) Let G be a group and let Z (G) be the centre

of G. If G/Z(G) is cyclic, prove that G is"
Abelian,

P.T.O.
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(ii) Let |G| = pq, P and q are primes. Prove that

|Z(G)| = 1 or pq. (4+2.5=6.5)

(c) (i) Prove that a subgroup of index 2 is

normal.

(i) Let G = U(32), H = Uy (32). Write all the
elements of the factor group G/H. Also find

order of 3H in G/H. (3+3.5=6.5)
5. (a) Show that the mapping from R under addition to

Cos X sinx| |
is a

GL(2, R) that takes x to [ ,
—sin X cos X

group homomorphism. Also, find the kernel of the

homomorphism.

(b) Let ¢ be a homomorphism from a group G to a

group G. Show that if K is a subgroup of G,



1409 T

then ¢°'(K) = [k € G: §(k) € K} is a subgroup
o'f G. l

(¢)If H and K are two normal subgroups of a

group G such that Hc X, then prove that

G/H

G/K~——
K/H

(2x6=12)

6. (a) Show that the mapping ¢ from C* to C* given by
®(z) = z* is a homomorphism. Also find the set of

~all the elements that are mapped to 2.

(b) Prove that every group is isomorphic to a group

of permutations.

(c)Let G be the group of non-zero complex
numbers under multiplication and N be the set

of complex numbers of absolute value 1.

P.T.O.
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Show that G/N is isomorphic to the group of

all the positive real numbers under multiplicatiop

(2%6.5=13)

(1500)
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SECTION 1
~ - 22
: xy[x“-y" |x
1. Let f(x,y)= ( : 2) if (x,y) = (0,0)

X +y"
= (0 otherwise ‘
 Show that (0, y) = —y and f(x,0) = x for all x and
y. o |
P.T.O..
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2.

|

Use incremental approximation to estimate the function

f(x, y) = sin(xy) at the point

If z = xy + f(x? +y?), show that y 0z/0x — X 0z/0y =

)

y2 . xz.

. Assume that maximum directional derivative of f at

P,(1,2) is equal to 50 and is attained in the direction

“towards Q(3, —4). Find Vf at Py(1, 2).

Aol

Find the absolute extrema of f(x, y) = 2x> — y? on the

- disk x2 + y?2 <1,

Use Lagrange multiplier to find the distance from
(0,0, 0) to plane Ax + By + Cz = D where at least

, one of A, B, C is nonzero.

'SECTION II

' . 1» 2x
Compute the 1n’§egra1 J-o L e’ *dy dx with the order

- of integration reversed.

. Use Polar double integral to show that g sphere of

. ., 4
radius o has volume 3" a’.

\



1427 3

tsd

h

Compute the area of region D bounded above by line
y = X, and below by circle x? + y? - 2y = 0.

Find the volume of the solid bounded above by
paraboloid z = 6 — x - y? and below by z = 2x* + y.

dx dy dz
Evaluate IHD\[; yj = where D is the solid
X“+y“ +z

sphere x* + y2+ z2< 3.

Use a suitable change of variables to find the area of

region R bounded by the hyperbolas xy=1 and xy=4
and the lines y=x and y=4x.

SECTION III o

-

Find the mass of a wire in the shape of curve
C: x = 3sint, y=3cost, z=2tfor 0 <t < mand
density at point (X, y, z) on the curve is 3(x, y, z) = X.

Find the work done by force

"

- 2  _2\% . 2\
F(x,y,z)—-'-(y'—z )1+(2yz)_|—(.\ )k

on an object moving along the curve C given by

x(t)=t, y() =13, 2() =, 0 st = L.

Use Green’s theorem to find the work done by the

force field

P.T.O.
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F(x,y)=(3y-4x)i+(4x-y)J
when an object moves once counterclockwise around

the ellipse 4x? + y? = 4,
4. Use Stoke’s theorem to evaluate the surface integral

| ”S(curl F.N) dS.

where F = xi + y?j + ze¥ k and S is that part of -
surface z = 1 — x? — 2y? with z > 0. |

5. Use divergence theorem to evaluate the integral

IISF.N dS where" F(x,y,z»);(tcosyz)i+,exz3+32212 =

where S is hemisphere surface ."4--:\/4—)(2:—y2

together with the diSl_( x* + y?2 < 4, in x-yplane.

6. Evaluate the line integl:al J‘CIS.dR

Where F(x,y) = ?[(2x ~x%y) e™ + tan-! y]f +

[ X 3 e‘XY]'j and C is the ellipse 9x2 + 4y? = 36.

y2+1

(3500)



